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07 Comment on “Preacceleration without radiation:
The nonexistence of preradiation phenomenon,”
by J. A. Heras [Am. J. Phys. 74, 1025 (2006)]
V. Hnizdo
a)
National Institute for Occupational Safety and Health, Morgantown, West Virginia 26505
In a recent paper,1 Heras concludes that there is no radiation in the preacceleration parts of
non-runaway solutions of the Abraham–Lorentz (AL) equation of motion of a point charge. The
purpose of this comment is to argue that this conclusion is incorrect.
The non-runaway solutions of the AL equation have a well-known unphysical feature of preac-
celeration: the charge starts to accelerate already at a time of order τ = 2e2/(3mc3), where e and m
are respectively the charge’s magnitude and mass, before an external force is applied. Heras studies
the non-runaway solutions of the AL equation for the class of external forces that act only in a
finite interval of time (0, T ), and reaches the conclusion that, despite its nonzero preacceleration,
the charge does not radiate at times t < 0. He bases this conclusion on an integration-by-parts
transformation of the integral expression for the energy WR(0, T ) radiated according to the Larmor
radiation rate during the time interval (0, T ) into a sum of two terms, one of which is an integral
over the interval (0, T ) and the other equals the negative of the energy WR(−∞, 0) that is radiated
according to the Larmor formula in the interval (−∞, 0), i.e., during the preacceleration. This
transformation leads to the mathematical cancelation of the energy WR(−∞, 0) in the total radi-
ated energy WR(−∞, 0) +WR(0, T ) by the equal and opposite term −WR(−∞, 0) in the energy
WR(0, T ), and thus the total radiated energy can be expressed as an integral over only the time
interval (0, T ). Heras argues against “a misleading time separation of [the radiated] energy in the
interval of preacceleration (−∞, 0) and the interval (0, T )” because the total radiated energy can
be expressed as an integral over only the interval (0, T ), which “shows that the energy is radiated
only during (0, T ), which is the interval when the force acts.”
To strengthen this argument, using the AL equation Heras writes the Larmor radiation rate
mτv˙2 as mτv˙2 −mτ2v˙·v¨+mτ2v˙·v¨ = τ v˙·F+ (d/dt)(12mτ
2v˙2), where F is the external force, which
gives the total radiated energy WR(−∞,∞) as τ
∫ T
0 v˙·F dt because the force is assumed to act only
in the interval (0, T ) and the integration over the time-derivative term must vanish for non-runaway
solutions that are subject to the boundary condition v˙(±∞) = 0. This expresses the total radiated
energy again as an integral over only the interval in which the external force acts.
However, expressing the total radiated energy as an integral over the time interval in which the
external force is nonzero does not necessarily mean that this energy is radiated only in that interval.
The total energy radiated over a nonvanishing interval of time can be expressed as a sum of various
1
terms in many different ways that do not necessarily associate the correct time origins to the terms,
without affecting the global energy balance over that time interval. But the AL equation implies
also a strict instantaneous power balance2
F · v =
d
dt
(12mv
2) +mτv˙2 −
d
dt
(mτv·v˙). (1)
Here, the left-hand side is the rate of work of the external force F on a charge moving with velocity
v, and the three terms on the right-hand side are respectively the rate of change of the charge’s
kinetic energy, its Larmor radiation rate, and the negative of the rate of change of the so-called
Schott energy, which is a reversible energy in the charge’s near electromagnetic field. The balance
(1) must be satisfied at any instant t, including those of any preacceleration time interval, when
F = 0 and thus F · v = 0, but all the three terms on the right hand side of (1) are nonzero so that
their sum vanishes. This is easily verified with the t < 0, i.e., preacceleration, values of v(t) and
a(t) = v˙(t) in the example solutions (13), (16), (20) and (23) of Heras. The Schott-energy term is
crucial for maintaining the instantaneous energy conservation during preacceleration; Heras himself
has co-authored a recent paper that emphasizes the role of this term in the instantaneous power
balance of a nonrelativistic classical charge.2
Using the instantaneous power balance (1), one can express the total radiated energy for the
non-runaway solutions considered by Heras as
WR(−∞,∞) ≡
∫
∞
−∞
mτv˙2 dt =
∫ T
0
F · v dt− (12mv
2
∞
− 12mv
2
−∞
), (2)
as the external force F is nonzero only in the time interval (0, T ) and the term mτv·v˙|∞
−∞
vanishes
because of the boundary condition v˙(±∞) = 0. Equation (2) expresses the fact that the total
work
∫ T
0 F · v dt of the external force equals the total radiated energy plus the total increment
1
2mv
2
∞
− 12mv
2
−∞
in the charge’s kinetic energy, but gives no indication of the time interval in which
any part of the energy WR(−∞,∞) is radiated.
All solutions of the AL equation satisfy the instantaneous power balance (1) because this balance
is demanded by the AL equation itself. This includes the grossly unphysical runaway solutions,
which on a first sight would seem to violate energy conservation, and the uniformly accelerated
motion driven by a constant external force, where the AL radiation-reaction force vanishes despite
the fact that the charge radiates according to the Larmor rate.3 Solutions that feature preaceleration
are no exception. The instantaneous power balance implied by the AL equation unambiguously
demands that even a “preaccelerating” charge radiates according to the Larmor radiation-rate
formula.
Heras’s conclusion that there is no radiation in the preacceleration part of a non-runaway AL
trajectory amounts to a claim that the Larmor radiation rate is not applicable on that part of the
trajectory. But there are no grounds within nonrelativistic classical electrodynamics for denying
the applicability of the Larmor formula to the calculation of the energy radiated by an accelerating
charge even over a time interval as short as the time τ = 2e2/(3mc3) — if the idealization of a
strictly point charge is assumed. The AL equation assumes this idealization, and all indications are
that already the very concept of a point charge (or, more generally, a charge the spatial extension
2
of which is smaller than the classical radius rc = e
2/mc2 corresponding to its magnitude e and mass
m) is in classical electrodynamics unphysical because alternatives to the AL equation that explic-
itly or effectively assume a charge of spatial extension of at least the order of rc, like the classical
Ford–O’Connell equation,4 or the Landau–Lifshitz (LL) equation,5 advocated by Rohrlich6 as the
correct equation of motion of a classical point-like charge,7 do not admit solutions with unphysical
features as preacceleration or runaway behavior. The radiation rate implied by the nonrelativistic
limit of the LL equation is τ v˙·F,8 which shows clearly that the charge then radiates only when the
external force F does not vanish.
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